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ABSTRACT. If H > 0 is the generator of a hypercontractive semigroup
(HCSG), it is known that (H + 1)~7* is a bounded operator from LP to LP,
1 € p < . We prove that (H + l)-'/2 is bounded from L2 to the Orlicz space
L2 In+L, basing the proof on the uniform semiboundedness of the operator
H + V, for suitable V. We also prove by an interpolaticn argument, that
(H+ 1) is bounded from LP to LPIntL, 2 < p < «. Another interpolation
argument shows that (4 + 1)~ 7 is bounded from LP(InTL)™ to LP(IntLym+1,
2 < p < « and m a positive integer. Finally, we identify the topological duals

of the spaces mentioned above.

1. Introduction. The classical Sobolev inequality states (in part) that a real-
valued, square-integrable function on R"™ whose first partial derivatives are also
square-integrable (with respect to Lebesgue measure) is pth-power integrable, where
1/p=12-1/n[7}

In attempting to extend this result to an infinite-dimensional measure space,
two problems immediately arise. First, as n — oo, p — 2, so0 less and less infor-
mation is gained. Secondly, and more importantly, there is no infinite-dimen-
sional analogue to Lebesgue measure. To avoid this second problem, we seek a
version of the inequality that holds on a probability space, such as
(R, m=" exp(—x2?)dx), that is, the real line with Gaussian measure. Then, the
extension of the result to an arbitrary product of such spaces is relatively direct.

Using this example, it is easy to see that no analogue of Sobolev’s inequal-
ity involving only Lebesgue spaces exists. Indeed, given € > 0, there is a function
[ such that both f and f are in L2(R, 7~ %exp(—x?)dx), but f is not in L2 *€,
However, a version involving Orlicz spaces does exist, namely, if f and f’ are in
L?(R, n%exp(- x?) dx), then not only is If? integrable, but so is |fI%In Ifl [3].

This result, as well as the extensions in §4 appeared in the author’s disser-
tation [3].

As will be seen, this result is intimately connected with the theory of hyper-
contractive semigroups [11]. We refer the readers to Logarithmic Sobolev ineqal-
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52 G. F. FEISSNER

ities by L. Gross [4] where further information concerning this relationship is ob-
tained.

2. Hypercontractive semigroups.

2.1 DEFINITION. Let (M, 1) be a probability space and let H = 0 be a self-
adjoint operator (not necessarily bounded) on L% (M, du). Then {exp(~tH)},5
is a hypercontractive semigroup (HCSG) iff:

(i) exp(—tH): L'(M, du) — L*(M, dy) is a contraction for all # > 0.

(i) For some T > 0, exp(— TH) is bounded from L2(M, du) to L*(M, du).

This T is denoted T'(H) whenever confusion could occur [11].

In this paper we assume that exp(— ¢tH) is also positivity preserving.

2.2 PROPOSITION. Let exp(—tH) be a HCSG. Then:
(i) exp(—tH) is a contraction on LP(M, du), 1 <p <, forall t > 0.
(ii) Given 1 <a < b < o, there are positive constants T, , and C such that

lexp(- tH)yl, < ClYl,

forall Y € LY, for all t > T, and all p, q satisfying a <p, q <b.

PROOF. See [11].

The following theorem of Segal ([10] and [11]) provides information on the
behavior of exp(—tH) for ¢ near 0.

2.3 PROPOSITION. Let {exp(~tH)},5 o be a HCSG. For A>0,and t > 0,
define p(t, \)~ = 1/2 — t\. Then there exist positive constants C and \ depending
only on H such that

forall y € L? and all t < T(H).

ProoF. Consider the function f(z) = exp(— zH) defined in 0 < Re(2) < 7.
f is continuous in the closed strip and analytic in its interior. If ¢ € L? and
Re(z) =0, If(z)¥l, < Iyl, by Proposition 2.2. If Re(z) = T, then If)vl, <
Clyll, where C is the bound on exp(— tH) as an operator from L2 to L*. It fol-
lows then from the Stein interpolation theorem [12] that for 0 <z < T,
||f(t)ll/||p <Ayl where 1/p = (1 =¢/T)/2 + (t/T)/4 and A, = C*. Setting
A\ = 1/(4T) gives the desired result.

In the following, we assume wl.o.g. that C> 1.
Another theorem from Simon and Hoegh-Krohn’s paper that we will use is:

2.4 PROPOSITION. Let H be the generator of a HCSG. Then there exist real
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numbers, S, E, and m, dependent only on H, such that for all V in L™,
(*) lexp(-S@H + V))yl, < Elexp(-SV)I,, 1yll,.
PRrROOF. See [11].

2.5 PROPOSITION. Let H be the generator of a HCSG. Then the operator
(H + 1Y% is bounded from L™ to L.

PRrOOF. It will be sufficient to show that (& + 1)™* is bounded as an op-
erator from L! to L! and use the fact that it is selfadjoint. Consider the weak
integral

H+1)% = \—}_; [ exp(- 1t + ) *ar.

Let u € L!. Since t — exp(- tH)u is continuous from R to L!,
IH + 1) %ull, = L f f “exp(— HH + 1)ut™* dt|du
1 r“mpdo
e _ ~t
<7 fo fMlexp( HH + D)ult ™% dt du

1 = % gy =
< 2l [ exp(- e =l

7

The result follows from the selfadjointness of (4 + 1)™%.

3. The operator H + V. Let' H be the generator of a HCSG and let ¥ be a
real function in L*. By Proposition 2.4, there exist constants S, E, and m, inde-
pendent of ¥ such that (*) holds. Thus,—2S(H + V) <InE + Inlexp(-SV)l,,,,

and for ¥ in D(H) N V),

(H + V)Y, ¥) =>-(1/28)(In E + Inllexp(- SV)I, ) 1yl2.
Now let ¥ be any real function such that exp(—SV) isin L, and set
v, vi<n,
n, WI>n.

v, =
Since all the V,, are in L,
(H + V,)9, ¥ > =500 E + Inllexp- SV, )L )WI2, ¥ € D) N (V).

Asn— o (H + V,)¥, ) — (H + V)V, ) and Inlexp(-SV,)I,,, —
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Inllexp(—S¥)l,,, by the Dominated Convergence Theorem [5]. Thus, for real V
such that exp(-SV) € L™,

J vurau <, v+ L0 E + Inllexp (- SV, Iy12.

This result can be placed in an Orlicz space context. We list briefly the
facts we use concerning Orlicz spaces. For proofs and more extensive coverage,
see [1], [3], [6], [8], [13], and [14].

If ®(x) is a Young’s function (i.e., the integral of a positive convex function
on [0, «) with $(0) = 0), the Orlicz space L, is the collection of all functions
satisfying

lullg = inf{)\ > 0: fM¢('—;‘\-') du< 1} <o,

Il is a norm, and equipped with this norm, Lg, is a Banach space. If the con-
stant 1 in the definition of Il-l is changed to any other positive real, the result
is a norm equivalent to II ll. If ¥ is the Young’s complement to &, a norm
equivalent to II Il is

llellg = sup {fMlul . Ivldu},

where the supremum is taken over all v satisfying [, ¥(lvl)du <1.

If there exist positive constants M and x, such that x > x, implies $(2x) <
M®(x), then & is said to satisfy the A,-condition. (This definition uses the fact
that M is a probability space. For nonfinite measure spaces a variation is neces-
sary.) If both ® and its Young’s complement W satisfy the A,-condition (as in
the case ®(x) = xP, p > 1), then L, is reflexive with dual space L, . Interest-
ingly, if Lg, has the norm |l ll;, then the operator norm on Ly, is Il lllg.

It is usually difficult or impossible to find a closed expression for the
Young’s complement to a given ®. However, it may be possible to “perturb” &
so the Orlicz space generated by the new function is the same as that generated
by the original (with perhaps a different but equivalent norm), but the Young’s
complement of the new function is easily calculated. One such perturbation is:

3.1 PROPOSITION. If ® is a Young’s function satisfying the A,-condition and
I' is a nonnegative function such that .
(i) @ + T is a Young’s function,
(i) lim, _, ,I'(x)/®(x) = 0,
then Ly = Ly, (ie., the sets of functions are the same and the norms II-ll 4
and 'y , - are equivalent).



HYPERCONTRACTIVE SEMIGROUPS; SOBELEV’S INEQUALITY 55

PRroOF. The proof is computational and follows easily from the definitions.

Using the above, the following results are easily obtained. For x = 1, set
In*x = Inx, and let it be zero otherwise. For p =2, m > 0, denote the Orlicz
space with generator x?(In*x)™ by LP(In*L)™ and its norm by |- ll . The
dual to LP(In*L)™ is denoted L/(In*L)3™/P 1/p + 1/q = 1. Tlus is the space
of all functions ¥ satisfying f,,(I¢/?/[1 + In* It[/l]q'”/") du <o, The norm
W, —gmyp is defined by

_. . (/)
Wy —qmip = mfg)\ >0 f, e 1i

where £ = max(1, gm/p). £ is used purely to simplify calculations. Also, the
dual to L(In*L) is the set of those functions V satisfying, for some fixed a« > 1,

T inf{)\ >0: [ exp@ivi/nydu> 1} <o,

Changing o produces a different but equivalent norm.

3.2 THEOREM. (H + 1)™% is a bounded operator from L? to L? In*L.

PrROOF. By the remarks at the beginning of this section, if u is in
D(H) N D(V), and V is such that f,, exp(mS|VI)du < 1, then

fVluIz du < (Hu, u} + ((1/28)In E)lull?.
Thus, by the definition of L In*L, 42 is in L In*L with
MMy | < (Hu, u) + ((1/28)In E) lull?.

Since Il-Ill; , is equivalent to llll; ,, we write by an abuse of notation,
lu?lly | < (Hu,w) + ((1/28)In E)lull2.
If N > lu?ll, ,, then

[y

M|N

2
+{u
In™ 75

du<1, or, X lap<=
N

If the definition of Il Ilz’1 is

\lz
7\

7\

1
<
du 2%

Wi, , = mfi
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it then follows that u € L In*L implies u € L? In*L, and lul? | < Klu?ll, ;.
K is a constant arising from the substitute of equivalent norms.
Thus, for u in H) N V),

Nal? | < (Hu, u) + ((1/28)In E) lull2.

An examination of the proof of Proposition 2.4 shows that E can be chosen so
(1/285)In E = 1. We assume that this has been done. Since u in D(H) N (V) is
dense in the domain of H + 1, we can say u € D(H + 1) implies u € L2 In*L,
and lul} | <((H + 1)u, u). Since D(H + 1) is dense in D((H + 1)*), it follows
that for v € (A + 1)*), W} | < IH + 1)%vll2, Setting f = (H + 1)*v com-
pletes the proof.

We note that part of the method used in the preceding proof yields the fol-
lowing corollary. For any selfadjoint operator A on a Hilbert space, we write
Q(A) = T(A*4)*) for its form domain.

3.3 COROLLARY. Let H be a nonnegative selfadjoint operator in L*(u).
Assume there is a strictly positive constant o such that for real function V satis-
fying [y exp(alV1)du < e we have Q(V) D Q(H). Then (H + LY is a bounded
operator from L* to L? In*L.

ProorF. If [, exp(alV1)du< o, then by assumption, for any f in the do-
main of (H + 1)%, [, IV*f1?du<ee. That is, [,;|VIIf1?> du < es. Thus If? is
in LIn*L,and fisin L2 In*L. Hence the range of (4 + 1)~* is contained in
L?In*L. Since (H + 1) % is bounded from L2 to L2, one sees that it is closed
as an operator from L2 to L2 In*L and therefore is bounded from L2 to L2 In*L
by the Closed Graph Theorem.

3.4 REMARK. The hypothesis Q(V) O Q(H) is natural in the context of
questions concerning the semiboundedness of H + V (form sum) which underlie
Theorem 3.2.

4. Interpolation and extension. To study the action of (& + 1)™* and its
iterations on LP spaces for p = 2, we rely heavily on the techniques in Calderon’s
paper [2]. We state briefly those results that we will use.

If B, and B, are complex Banach spaces continuously embedded in a
TVS V (such a pair of spaces is called an interpolation pair), then there is a
Banach space denoted B; or [B,, B, ], interpolated between B, and B, in the fol-
lowing sense:

4.1 PROPOSITION. Let (By, B,) and (C,, C,) be two interpolation pairs and
let L: By + B, — C, + C, be a linear mapping such that x € B; implies Lx € C;
and ILxlc, <Mlxlg, (i=0,1). Then x € By implies Lx € C, and ILxlc <
MM lixl By
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ProoF. See [2].

Unfortunately, it is rarely easy to identify the intermediate spaces, so the
equivalence of this method and another, where the identification is direct, is
shown. Let X be a Banach lattice (i.e., a Banach space of functions measurable
over some measure space M with the property that f € X, lg(x)! < If(x)l a.e. im-
plies g € X and ligl, < lIfl). Let ¢(x, #) be, for each x € X, a concave increas-
ing function on [0, *9) vanishing at 0. Then the collection ¢(X) of all measurable
functions g(x) satisfying lg(x)l < A¢(x, If(x)!) a.e. for some f€ X, lfl, <1 and
some A > O is itself a Banach lattice, with norm the infimum of all A for which
such an inequality holds. In particular, if X = L'(M) and ¢(x, £) = ¢(¢) is the
inverse of some Young’s function ®, then ¢(X) is the Orlicz space L.

Also, if X, and X, are Banach lattices and 0 <s < 1, then the collection
X375X$ of measurable functions h(x) satisfying Ih(x)| < Alfy(x)I1SIf, (x)I* ace.
for some f; € X;, If)l; <1 (=0, 1) and some A > 0 is again a Banach lattice
with norm defined as in ¢(X). If ¢y(x, #) and ¢,(x, #) are as above and X is a
Banach lattice, then (¢35¢5)(X) is the same as (¢o(X))! ~5(¢, (X))*.

Finally, if B is a Banach space and X a Banach lattice on M, then X(B), the
class of all B-valued measurable functions f(x) with lf(x)lz € X is a Banach space

with norm IIfll y gy = I(IFG)I )N«

4.2 PROPOSITION. Let (B, B,) be an interpolation pair and X, X, be two
Banach lattices. Then Xy(B,) and X(B,) are continuously embedded in
Xy + X)(B, + B,). If X = X}™5X5 and B = [B,, B, Is, then

[Xo(Bo): Xl(Bl)]s = X(B),

provided X has the dominated convergence property (i.e., fE€ X, If,| < Ifl a.e.
and f, — 0 a.e. implies If, I, — 0).

PRrOOF. See [2].
All the spaces dealt with here have the dominated convergence property.

4.3 THEOREM. (H + 1)~ is bounded from LP to LP In*L for 2 <p < s,

PROOF. It is enough to show that LP and L? In* L are spaces of the form
[X,(By), X,(B,)], and the results will follow by Propositions 2.5, 3.2, 4.1, and
42.

Let By, = B, = C, the complex numbers; then B, = C,0 <s <1. Let
¢,(2) be the function inverse to L2 In*L, so (¢,(L!))(B,) is the Orlicz space
L*In*L. Let ¢.,(0) =0 and ¢.,(f) = 1,7> 0. Then (¢,(L}))(B,) = L™. The
function ¢(r) = ¢} ()¢, (¢) is inverse to (1/(1 —s))r2/ 1 =n* L, which generates
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the Orlicz space L2/(1=9)In* L. Thus,
(0, By), @ LB = BBy = L=t L.

In the same manner the space so interpolated between L2 and L™ is L2/(1=%)
and the result follows.

4.4 TuEOREM. (H + 1)™% is bounded from L/(In*L)3'P to L9 for 1 <
q<2,1/p+1lig=1.

PROOF. (H + 1)™* is selfadjoint, L9 is the dual of L and L9/(In*L)3'? is
the dual of LP(In*L) in the pairing (f, §) — [),fg du.

To study the action of iterations of (4 + 1)~ on LP, we first examine its
behavior on spaces of the form L2(In*L)™, m a positive integer, and then inter-
polate as before. For convenience we denote (H + 1) % by T.

4.5 LEMMA . Let j be a positive integer and let h be in L*/(In*L)%. Then
there exists g in L? such that h = g(lnlgly and lgl, < KIRl, _,;, where K is a
constant depending only on j.

PROOF. Define g by the equation 4 = g(Inlgl)/, choosing, for a given value
of h(x), the larger of the two possible values for g if ambiguity exists. To show
the L2-norm of g is dominated by the L2/(In* L)% -norm 6f h, notice first that
W(x) = x2/(2j + In*x)? has the A,-property with M = 4. Choose m so large
that 2”1 < lnll, _,; <2™. Then, since W is increasing, [, W(IAl/2™)du <1,
and thus by repeated application of the A,-property, f,, ¥(lhl) du < 4™. Thus,

f |g|2(1n |g|)2] du < f l)glz(ln$l)2f du <4m,
M2+ + DinlglP M [2j + In* (g(lnlgl)))¥

The first integral in the above is less than a constant times f,, lgi? dy, the con-
stant depending only on j. Therefore,
gy <k(/)2™ = 2k(j)2™~! < 2k()IAl, _y;.

We now prove that T is bounded as an operator from L2(In*L)" to
L2(n*L)**!, n a positive integer. The proof is in two parts.

4.6 THEOREM. Let n = 1 be an integer. Then T is bounded as an operator
from L?(In*L)?"7! to L?(In*L)?".

ProOOF. We proceed by induction on n. Let f be a positive simple function

in L2(In*L) and g a positive simple function in L2. Consider the complex func-
tion
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B9 = J, TP @) du.

B,(f, &) is analytic in 0 < Re(z) < 1 and continuous in 0 < Re(z) < 1. Further-
more, B,,(f, &)l < ST(f*)du. (We use here the fact that T is positivity-preserving,
which follows from the hypotheses that exp(—tH) is, and from the weak-integral
representation of (4 + 1)™*%.) Since fis in L>(In*L), f? isin L' and If2l; <
IfI2 ,(e® +1). Since T is bounded on L', 1B, (f, &)l < KIfIZ ,, where K is a
constant. Similarly, B, , ;(f, &)l <Llgl2. Thus, by the Three Lines Theorem [8],

By, ;,(f, &) SK'SLSIA3EDNgl2s,  0<s<1.

Assuming w.l.o.g. that both Ifl, | and ligl are greater than 1, we can write
B,(f, &) <MIfl | Igh? for 0 <Re(z) <1. It follows by the Cauchy estimates
[9] that a similar bound, with a different constant, holds for all the derivatives of
B,(f, g) also, in particular B}, (f, g).

Byt =-2 [ T(rmn@au+2JT()@ng) dn,

SO

<18, o)l + fMT(flnf)g du.

IfMT(f)(glng) dp

The first term on the RHS of the above inequality is dominated by a constant
times If13 | lgl?. Since fisin L? InL, fInfis in L2/(In* L) and it is easy to
show that Iflnfll, _, </|fll, ;. Since T is selfadjoint, T(fIn f) is thus in L2,
and IT(fIn )l <Klflnfl, _; <KIfl, ;. Thus the second term on the RHS
is dominated by NI fl,,, Igll, where N is a constant. Thus,

< constant IfI2 | Igh2.

lfMT(f)g Ingdu

Now let & be a simple positive function in L2/(In*L)?. By Lemma 4.5, there is
a positive function g in L? with 4 = glng, and lgl <K Inl, _,. Using this 4 in
the above result, we obtain

J. T h du| < constant 1713, 1n13 _,,

and so by homogeneity,

S T(h du| < constant 111, W, _, .
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This result extends to all simple functions by appealing to the fact that T is pos-
itivity-preserving, and to all functions in L2(In*L) and L2/(In*L)? by observing
that the simple functions are dense in both spaces. Since L2/(In*L)? is the dual
of L?(In*L)?, it follows that T is bounded from L2 In*L to L?(In* L)?, and thus
the base step of the induction is completed.

Now assume that T is bounded from L2(In*L)?~! to L2(In*L)¥,j =1,
2,3,...,n—1. Let fbe a positive simple function in L2(In*L)?"~! and let g
be a positive simple function in L2. Consider the nth derivative of B,(f, g):

B"(f,8) =2" Z":o(' 1y (’;) fMT(f""(lnf)")g”(ln 8" du.
j=

As before, we examine B{)(f, g). Since fisin L2(In*L)>"~?, 2 isin L!, and

as before, the L!-norm of f2 is bounded by a power of the L2(In*L)?"~!.norm
of f. Thus, again via the Three Lines Theorem and the Cauchy estimates [9], we
have (B{/)(f, )| < constant IfI§ ,,_, Igl3, where o is a constant depending only
on n. We will show that'all terms except the j = O term on the RHS of the equa-
tion for Bg”)(f; g) are similarly dominated, and thus the j = 0 term must be also.
Then, setting h = g(Ing)", as before, » € L2/(In*L)*" and lgl <Klal, _,,, we
will have shown

fT(f)hdu

and as above, this will establish that T is bounded from L2(In*L)?""! to
L?(In*L)?", again appealing to the positivity-preserving property of T. Now, let
0 <j<n. Since fisin L2(In*L)®"" !, f(nfy isin L2(n*L)?"~N-1  ith
IfQn YN, 5 (n—jy—1 < constant IfIY ,,_,, where 7 is a constant independent of f.
By the induction hypothesis,

IT(fn )N, 2 (n—jy < constant If(ln Yl 5 (jy-1-

Also, since g is in L2, g(In g)"/ is in L2/(In* L)), and llg(ln g)" 71, ~2(n=i)
constant ligl,. Therefore, since L2(In*L)*"~ js the dual to L?(ln* L)>(*™,

a
< constant If15 ,,_, lal, _,,

<

fM T(f(n f))g(in g)" 7/ du| < constant If1] ,,_, lell,,

and so by the previous remarks, the theorem is proven.
Finally, using an interpolation argument, we show T is bounded as an op-
erator from L2(In*L)?" to L?(In*L)?"*1,

4.7 THEOREM. T is bounded from L*(In*L)?" to L2(In*L)*"*! forna
positive integer.
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PROOF. By Theorem 4.6, T is bounded from L2(In*L)?"~! to L2(In*L)?"
and from L2(In*L)?"*! to L?(In*L)?"*2. We proceed as in the proof of Theo-
rem 4.3. Let

$o() =Vi/BIn PP and ¢,() = Vi/[BInePrH1L

The inverses of ¢, and ¢, generate the Orlicz spaces L2(In*L)?"~! and
L%(In*L)?"~!, Then

() = S35 (1) = Vi /[B1In 1P +o)-1,

Setting s = % gives the function inverse to a generator of L2(In*L)?”. An almost
identical argument shows that the space interpolated between L%(In*L)?" and
L*(In*L)*"*2 is L2(In*L)*"* 1. The remainder of the proof is exactly the same
as that of Theorem 4.3.

5. Extensions.

5.1 THEOREM. Let p < 2 and let m be a positive integer. Then T is bound-
ed from LP(In*L)™ to LP(IntL)™*1,

ProoF. The proof is the same as that of Theorem 4.3.

5.2 THEOREM. Let p = 2, m a positive integer, and 1/p + 1/q = 1. Then
T is bounded from L/(In* L)3(m+1)/P 5 13/(n*L)a™/P,

PROOF. The dual of LP(In*L)™ is L/(In* L)3™/P, that of LP(In*L)™*+!
is L9/(In*L)3(m+1)/P and T is selfadjoint.

5.3 COROLLARY. If k is a nonnegative integer, then T* is bounded from
LP(In*L)™ to LP(In*L)™** and from L3/(n*L)3(m+¥)/P 1o 13/(In*L)3™/P,
where p = 2, 1/p + 1/q = 1, and m a positive integer.

ProOF. The result follows by repeated applications of Theorem 5.1 and
Theorem 5.2.
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